one corresponding to the preliminary macro-stage? If that is the case how do the authors move from the calculated loads to the actual pressure? This requires clarification.
Indeed, because the initial and the final pressure distributions are not defined, it leads to confusion. These following sentences have been added in the section 4.2:
"The initial pressure distribution p 0 is an approximation of the contact pressure. It is calculated using the method in section 2.2.1 from the macro-scale forces P k 0 , i.e. a classical matrix inversion method for each individual asperity. The final pressure distribution p final is the pressure distribution of the final iteration of the algorithm in section 2.2.2 with full interaction between all the asperities." . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 Numerical evaluation of tyre/road contact pressures using a multi-asperity approach G. Dubois a, * , J. Cesbron a , H.P. Yin b , F. Anfosso-Lédée
Introduction
The interaction between automotive tyres and road surfaces determines many physical phenomena such as rolling resistance, skid resistance, wear and noise generation which are of great importance to safety or environmental issues.
The road texture is a significant parameter of this interaction for each phenomena mentioned above [1, 2] . This paper focuses on a tyre/road contact model for application to tyre/road noise, but the principles and the tools developed could be used for other purposes related to the tyre/road interaction. Road traffic noise pollution is a major environmental problem, which is predominated by the generation of tyre/road noise [3] . A great part of noise emission is caused by radial tyre vibrations whose origin is tyre/road contact [4] . The interaction between the tyre and the road is a complex contact mechanics problem involving multiple scales. The description of the road at a fine scale of macro-texture is often neglected in models for rolling noise prediction while its effect on the interaction is important [5] .
Since they are the main source of radial tyre vibrations, several approaches were proposed in the literature for modelling normal tyre/road contact forces for road macro-texture. The first is based on boundary element methods in two [6, 7] or three dimensions [8] . The second uses a Winkler bedding model in two [9] or three dimensions [10] . A Winkler model with non-linear contact stiffness due to small-scale roughness was introduced by Andersson and Kropp [5] . These last approaches take into account the vibration of the tyre via Green's theory. Finally, many other approaches are modelling the tyre tread by an elastic half-space in contact with a perfectly rigid road surface, which are based on Boussinesq [11] potential theory. According to this theory on the contact between an elastic half-space and a rigid surface, several models use a multiasperity approach to describe the road surface in two [12] or three dimensions [13, 14] . For three dimensional models, the results are still limited to relatively large elements [8] , or to asperities of simple shapes using Hertz [15] theory or results of Sneddon [16] in Sameur [13] . Moreover the model proposed in Cesbron et al. [17] only uses the emergent part of the surface texture.
In this paper, the two-scale multi-asperity approach of macro-texture of Cesbron et al. [17] is used. A new preconditioning is introduced in order to evaluate tyre/road contact pressures at the full contact patch scale of the tyre with a real road surface. This study presents a partitioning method within the framework of tyre/road noise prediction for using the whole measured surfaces of the road. Moreover, a new load/penetration relation on a single road asperity is introduced. After presenting the tyre/road contact model, numerical results will be given and discussed. Then comparisons with a reference method on a small sample will be assessed. Finally, results in real size of tyre/road contact area are carried out.
A multi-asperity approach for the Boussinesq problem on a real road macro-texture surface
Within the framework of tyre/road noise prediction, the tyre tread is approximated by an incompressible elastic half-space (Fig. 1) . The road surface is assumed to be a perfectly rigid rough surface. Since noise generated by vibrations is mainly influenced by the radial acceleration at the surface of the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 tyre, only normal contact forces are studied, i.e. friction is not taken into account in this paper. Under these assumptions, the contact problem reduced to Boussinesq theory is governed by the following relations:
where Σ is the surface of the half-space, u is the displacement at the surface of the half-space, p is the normal contact pressure and T is the influence function with the Young modulus E and the Poisson's coefficient ν of the half-space. The conditions of unilateral contact are given by the following relations:
where Σ c is the contact area,Σ c is the non-contact area (Σ = Σ c ∪Σ c ), δ is the global penetration between the contacting bodies, z r describes the height of the road surface and z t the height of the tyre. Eq. (3) contains two relations which have to be fulfilled within the contact area: the first one describes the condition of non-penetration and the second the condition of compressive contact. Eq. (4) contains two relations which have to be fulfilled outside the contact area. If the global penetration δ is known, the problem can be described by relations (1), (3) and (4) and the unknowns are the contact area Σ c and the pressure distribution p. Else, if only the total load P applied to the tyre is known, the equilibrium condition in statics gives the additional equation:
Solving the Boussinesq contact problem in the full tyre print can be very time consuming with direct matrix inversion methods [18, 19] . Thus Cesbron et al. [17, 20] have proposed to solve the problem in two steps, as illustrated in Fig.  2 . The first step consists in limiting the Boussinesq problem at the macro-scale in order to obtain local contact forces acting at the summits of the asperities. Then, these forces are used in a second step to compute the pressure distribution in the whole contact area. In these two steps the whole road surface is considered as a partition of N asperities such as:
where Σ l is the surface of asperity l. 
The macro-scale approach of the Boussinesq problem
Considering that the interaction between two asperities k and l is described by a constant coefficient T kl , which is the inter-summit asperity interaction 1 , the local penetration δ k on asperity k can be written as:
where z s r,k is the height of the summit of the k th asperity and z s t,k is the height of the tyre relative to z s r,k . The local penetration δ k corresponds to the displacement of the half-space at the summit of the k th asperity. If only asperity k acts at the surface of the half-space, then δ k is equal to z s r,k − δ − z s t,k . In the multi-asperity case, each force P l that acts at the summit of another asperity l will induce a displacement on asperity k given by T kl P l .
In a multi-asperity approach, the contact forces P k at the summit of the asperities can be written as follows:
where f k is a continuous and differentiable function on ]0, +∞]. This contact law f k of a single asperity reflects the displacement on its top induced by the contact pressure distribution on the asperity. Usually, f k is a non-linear function. Introducing Eq. (7) in Eq. (8) leads to a non-linear system of N +1 equations with N + 1 unknowns {P 1 , . . . , P N , δ}. It is solved using the Newton-Raphson iterative method and gives the contact forces P 0 k and global penetration δ 0 which will be used as inputs for the second steps at micro-scale.
The micro-scale resolution method of the Boussinesq problem
According to Cesbron et al. [20] , the micro-scale resolution method of the Boussinesq problem is described by the following equations.
The surface of the elastic half-space is divided into n identical square elements with coordinates (x i , y i , z i ) of the center of it and size h x by h y . A uniform pressure is assumed on each square element. Then Eqs. (1) and (3) are combined to give the vectorial equation:
A global influence matrix A is defined and its coefficients are calculated using the analytical results of Love [21] . The unknown global pressure vector is denoted p = {p i } T i∈ [1,n] and the second member vector is defined by b = [1,n] . The vectorial Eq. (9) can be solved using a direct matrix inversion method, but this can be very time consuming for a real road surface due to the very large size of the matrix. In the multi-asperity approach, the matrix A is organized by blocks as follows:
where A k is the local influence matrix, p k is the local unknown pressure vector and b k is the local displacement vector on the k th asperity. The extra-diagonal block A kl is the part of A relative to the interaction of asperity l on asperity k. From Eq. (10), the Boussinesq problem can be solved by a succession of local matrix inversion. Then the contact problem is solved using a non-linear block Gauss-Seidel like algorithm. The non-linearity is due to the contact conditions.
Initial pressure distribution
From the macro-scale forces P 
. . .
where A kij are the elements of matrix A k , n k is the number of points on the asperity k and
T kl P l is the displacement induced by the contact forces on the others asperities computed by the macro-scale approach.
Non-linear block Gauss-Seidel like algorithm
Then, the contact problem is solved using a non-linear block Gauss-Seidel like algorithm, which starts from the initial pressure distribution p 0 . At step m + 1, while the pressure distribution on each asperity k, noted p m+1 k , has negative values, the contact problem is solved by inverting the following local linear problem, starting with the total number of points n k on the surface of the asperity:
5 When vector p m+1 k satisfies the contact conditions, the local inversion matrix procedure is repeated on the other asperities. Once the new vector p m+1 has been computed, the following convergence criteria is checked:
where ε is the convergence tolerance. The procedure is stopped when the condition in Eq. (13) is satisfied. Else the global penetration δ m is updated using the following relation:
Eq. (14) satisfies the condition of equilibrium in statics given by Eq. (5). The parameters ε and ρ are given by the operator and fix the accuracy and the convergence of the method. Finally, this multi-asperity approach gives the solution to the global contact problem given by Eqs. (1), (3), (4) and (5) using a two-scale procedure which is less time-consuming (6 times faster) than usual direct methods.
Description of the tyre/road contact data
The global flow chart of the proposed method is depicted in Fig. 3 . The right-hand part of the figure corresponds to the existing multi-asperity approach as described in section 2. The left-hand part corresponds to the new preconditioning part which will be introduced in section 3.1 and 3.2. This new part will make the final micro-scale computation possible for a real tyre/road contact patch. The numbers in percent are the relative computational effort in each part. For a given surface, the preconditioning part is a one-off computation. The relative computational effort between both parts cannot be indicated as it depends on the size and roughness characteristics of the contact area.
Partitioning a real road macro-texture surface
In the multi-asperity approach of macro-texture introduced in section 2, partitioning of the road surface is needed (Eq. (6)). The partitioning method proposed in this paper for a real road surface is illustrated in Fig. 4 . The method consists in using two classical image processing methods (binarization and segmentation) in order to obtain a partitioned road surface, which is then corrected to be used for tyre/road contact.
First, the binarization of the image of the measured surface consists in an iterative labelling as described in Cesbron et al. [17] . The result of this step is the identification of the emergent part of the asperities with respect to the road macro-texture scale. However a part of the road surface is also missing for the study of tyre/road contact and can induce several differences and problems on 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 numerical results. Therefore, an algorithm for partitioning the whole measured surface was introduced. Then a watershed segmentation method is applied to the results of the iterative labelling. This method considers a gray-level image as a topographic relief. The objective is then to calculate the watersheds of this topographic relief, which are the contours of the asperity for a measured road image. In this paper, the watershed segmentation method used is based on immersion simulations of Vincent and Soille [22] . Finally, the segmented image is partitioned and the result is corrected relative to tyre/road contact. For example, the partitioning of a sample of 200 mm x 190 mm of Dense Asphalt Concrete 0/10 (DAC 0/10, i.e. with aggregate size of maximum 10 mm) is illustrated in Fig. 5 . For clarity, the results are given in a small area of 45 mm x 40 mm (right), but the partitioning is performed on the whole measured surface (left) with a resolution h x = h y = 0.4 mm. The partitioning of the measured surface (239 000 pixels) with a standard PC takes about twenty minutes. This is performed only once and the results are saved for use as input data in contact calculations.
Load/penetration relation on a single road asperity 3.2.1. Definition of the contact law on a single road asperity
In the multi-asperity approach, the load/penetration relation for each asperity is needed at macro-scale as presented before in Eq. (8) . The analytical contact law f k proposed in this paper is illustrated in Fig. 6 and is defined as follows:
is the equivalent Young's modulus, C k and γ k are constants depending on the shape and the size of the asperity. These constants are analytically known for axisymmetric punches [16] , like flat-ended, spherical or conical punches. The constant d k can be considered as a critical depth above which the contact law becomes linear. Beyond this displacement, the contact area does not change any more. Thus these bodies can be considered as a single one which behaviour is intrinsically linear. The constant K k E * corresponds to a linear stiffness.
Obtaining the analytical contact law parameters
The procedure used to get analytical contact law parameters (C k , γ k , d k , K k ) is a fitting between the contact law functions of Eq. (15) and numerical results from classical matrix inversion method [18] . As an example, the sample used here is a DAC 0/10 partitioned by the process introduced in the section 3.1, composed of 1087 asperities. For each asperity, a local Boussinesq contact problem is solved by matrix inversion method, for 25 displacements imposed at the summit of the asperity z 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 the tyre tread is E = 2.5 MPa and the Poisson's coefficient ν is set to 0.5, a common value for incompressible rubber-like materials. The contact problems on individual asperities are parallelized in a 4-cores PC with 6 Go of RAM. The entire calculation takes around 6 hours, depending on the surface texture (the number and the shape of asperities).
Once all the numerical pairs (δ k , P k ) are known, the analytical contact law parameters are obtained by linear regression on the logarithm of (δ k Fig. 7 for asperity k = 100. For all asperities, the differences between analytical and numerical laws are below 5%. Table 1 summarizes the minimum, maximum and average values of contact parameters for the sample of DAC 0/10. The average values of C k and γ k are closed to parameters of a spherical punches with a radius equal to 5.5 mm (C = 3.127 and γ = 1.5). The values in Table 1 obtained for real road asperities are coherent with the values found in the literature [16] for asperities of simple shape. It is interesting to study the probability density of the pair (C k , γ k ) as shown in Fig. 8 . On the one hand, there is a strong probability for the γ k parameter to be between 1 and 2, which are the extreme values obtained in the case of a flat-ended punch and a conical punch respectively. There is also a strong probability for the C k parameter to be between 2 and 4, which correspond to the sizes of 2.5 mm and 9 mm for spherical asperities respectively. On the other hand, the probability of C k is not independent of γ k : the higher γ k , the smaller C k and reciprocally. This phenomenon is visible through the emergence of a maximum of the probability density within intermediate values of C k and γ k .
Description of the tyre
The surface profile of a smooth non-deformed tyre was measured in the transversal direction using a laser displacement transducer. The result is illustrated in Fig. 9 and shows a gap of 10 mm between the center and the edges of the tyre tread. Knowing that the radius of the smooth non-deformed tyre given by the manufacturer is 284 mm, the tyre surface is then generated by revolution of the transverse profile around the wheel center. The surface obtained is subsequently used in the contact model to take the curvature of the tyre into account.
Numerical Results
In order to validate the multi-asperity method at macro and micro scales for road macro-texture surfaces, a comparison was performed with a reference method on a small surface sample. The reference method is the direct matrix inversion method of Johnson [18] , fully described in Cesbron and Yin [19] . Then the numerical results at the full tyre/road contact scale are given to show the efficiency and the accuracy of the multi-asperity method. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 
Validation on a small road surface sample

Calculation data
The tyre is represented by an elastic half-space with a Young's modulus of 2.5 MPa and a Poisson's coefficient of 0.5. There is no curvature of the tyre. The surface in contact with the half-space is a portion of about 7 cm 2 of the sample of DAC 0/10 partitioned in section 3.1. This sample contains 23 asperities. It is illustrated in Fig. 10 and composed of 4 408 square elements of 0.4 mm x 0.4 mm. The number of potential elements in contact is very high. This surface is one of the largest which can be studied with a classical matrix inversion method. At macro-scale, the surface is described by the 23 summits of the asperities and by the contact law parameters on each of them.
The total load to be imposed (P =175 N) is obtained by multiplying the inflation pressure of the tyre (here equal to 0.25 MPa) by the surface area (7 cm 2 ). Then, for the convergence of the Newton-Raphson process, the multiasperity method at macro-scale needs several iteration loads before obtaining the value at the required load. So, 280 load steps from 0 to 175 N have been used, including 15 load values directly comparable with the matrix inversion method.
Results at the macro-scale
The contact forces obtained with both methods are compared in Fig. 11 for three load values: 50 N, 112.5 N and 175 N. The overall comparison is good and there is no outlier. In addition, the distribution of contact forces is mostly similar with both methods for the three load values. The differences between both methods slightly increase with the loads. The greatest differences are observed on the same asperities in all load cases. This problem probably stems from the geometry of the asperities. As it can be seen for the label 20 in Fig. 10 , this asperity has several parts and could be better partitioned. This probably induced discrepancies in the description of inter-asperity interaction at the macro-scale. The global errors ε M for each load in Fig. 11 is defined by:
where P k ref are the contact forces obtained by direct matrix inversion method.
For all loads, the global error does not exceed 5%, which seems acceptable for tyre/road noise prediction at low-frequency 2 . Solving the contact problem by matrix inversion method for 15 loads between 0 and 175 N took 1 h 15 min, while it took 1 s for the multi-asperity method at macro-scale for 280 loads.
However the matrix inversion method provides the pressure distribution, while only the contact forces are obtained with the multi-asperity method at macroscale. The results at macro-scale can be sufficient for tyre/road noise prediction induced by vibrations, but for others phenomena such as air-pumping the results at micro-scale are needed.
Results at the micro-scale
The multi-asperity method at micro-scale has been computed to obtain the pressure distribution which is needed for tyre/road noise at medium and high frequency. The results at the macro-scale have been used for initializing the procedure for the surface illustrated in Fig. 10 . The pressure distributions obtained by both methods at the maximum imposed load (P =175 N) are illustrated in Fig. 12 . No difference is detected between both methods. The parameters ε and ρ introduced in section 2.2.2 were fixed to 1.10 −6 and 1.10
respectively. Thus the convergence of the multi-asperity method was reached in a maximum of 8 iterations for all loads and a maximum of 10 iterations for the matrix inversion method. For these values of ε and ρ, the convergence of the multi-asperity method taking the matrix inversion method as a reference is given in Fig. 13 . The differences were estimated using the indicators ε m in percent:
where p ref is the pressure distribution obtained by direct matrix inversion method.
At the third iteration, ε m is below 0.1%, which can be already acceptable for tyre/road contact noise at medium and high frequency. As previously mentioned the reference method gave the pressure distribution in 1 h 15 min for 15 loads, whereas it took 12 min with the multi-asperity method. Hence, while giving the same results, the multi-asperity method is much faster than the classical matrix inversion.
Evaluation of tyre/road contact pressures within the full contact patch
The multi-asperity method has been computed on three real tyre/road surfaces with different textures. The three surfaces are a Dense Asphalt Concrete 0/10 (DAC 0/10), a Fine Surface Dressing 0.8/1.5 (FSD 0.8/1.5) and a Porous Asphalt 0/10 (PA 0/10). They are shown in Fig. 14 . The partitioning method, load/penetration laws and the curvature of the tyre are those introduced in section 3. The area of interest for the static contact between the tyre and the three textures is a 11 cm x 18 cm rectangular area, illustrated by red boxes in Fig. 14 . The contact elements used are squares of side 0.4 mm. This resolution enables to clearly distinguish the contact area on each asperity. The imposed load is P = 3 000 N, which corresponds to typical tyre/road loading for passenger cars.
The contact prints obtained for the three surfaces at P = 3 000 N are given in Fig. 15 with the initial and the final pressure distributions, for a pressure scale between 0 and 3 MPa. The initial pressure distribution p 0 is 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 an approximation of the contact pressure. It is calculated using the method in section 2.2.1 from the macro-scale forces P 0 k , i.e. a classical matrix inversion method for each individual asperity. The final pressure distribution p f inal is the pressure distribution of the final iteration of the algorithm in section 2.2.2 with full interaction between all the asperities. The differences between initial and final distributions can be seen on the global contact areas. In addition, the average and maximum pressures for the three surfaces for the initial and the final distributions are summarized in Table 2 . Regarding the differences between the initial and final pressure distributions for the same texture, the contact area tends to spread out, thus lowering the average and maximum pressures. Concerning the differences between the three surfaces, the maximum contact area is obtained with the sample of DAC 0/10, while the contact areas for the other two remain almost the same. However, the values of average and maximum pressures are increasing in the following order: DAC 0/10, FSD 0.8/1.5 and PA 0/10.
Concerning the computation time, it took 1 min on a single texture to compute the initial pressure distribution using the result at macro-scale, calculation of which also took less than 1 min. Then it took about 12 h to compute in eight iterations the final pressure distribution with the parameters ε = 1.10 −6 and ρ = 2.10 −4 . It is expected that this last step for the calculation of the final pressure distribution enhances the accuracy of the results as it was demonstrated previously on a small surface by comparison with the classical matrix inversion method. However this last step increases drastically the calculation time.
Considering the cost of the computation times, it is interesting to know if the contact forces obtained at macro-scale (associated to initial pressure distribution) are sufficiently accurate for tyre/road noise prediction at medium and high frequency. So, the contact forces obtained at macro-scale and the contact forces integrated at the summit of the asperities from final pressure distribution are illustrated in Fig. 16 for the three surfaces. R is the correlation coefficient and a and b are the coefficients of the linear regression: y = ax + b. The correlation coefficients are all close to 1, indicating a good correlation between both calculations. There is a small bias for the three different textures when considering the coefficient a and b of the linear regression: the contact forces calculated at macro-scale are almost slightly underestimated.
Finally, we can consider that the macro-scale accuracy is sufficient for tyre/road noise at low-frequency generated by vibration mechanisms and that the initial micro-scale accuracy is enough for tyre/road noise at medium and high frequency generated partially by air-pumping. The final pressure distribution can be useful for other applications linked to the contact of rough surfaces.
Conclusion
In this paper, a multi-asperity method for computing the Boussinesq contact problem was introduced and implemented, allowing calculations on real size of tyre/road surfaces. First a new method for partitioning a measured road surface was introduced. Several classical image processing methods were used, such as 11 iterative labelling and watershed segmentation. Then a new load/penetration relation was proposed for a single road asperity. These analytical laws were fitted from numerical data, with less than 5% of differences.
A numerical validation of the multi-asperity method was performed by comparison with a reference matrix inversion method on a small road surface sample. At macro-scale results between both methods are fairly close with global errors on the forces below 5%. For use in tyre/road prediction at low frequency, results at this scale thought to be acceptable especially when considering that the developed method is far less time-consuming. At micro-scale, the results of both methods are identical, and calculations at the full tyre/road contact prints are possible in a reasonable calculation time only with the multi-asperity method.
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